The influence of an interface on the energy level structure of hidden quantum dots was studied. A self-consistent formalism was used for the calculation of the linear response of a single hidden quantum dot and a dilute layer of quantum dots in the presence of a static homogenous magnetic field. The article studies how the shifts of energy levels caused by self-field interactions (the so-called Lamb shifts) depend on the distance to the surface and magnetic field. Numerical calculations show that the interaction between the quantum dot and the surface leads to substantial Lamb shifts. These shifts can reach relative values of more than 10%, and strongly decrease if the distance between the quantum dot and the surface increases. The influence of a concentration of quantum dots in a hidden layer was studied, and absorption spectra were calculated. The numerical calculations show that the influence of interaction between the quantum dots inside a dilute layer on the absorption profile is rather weak.
the size of single atoms. In contrast to the real atoms, in which the potential is determined by the Coulomb interaction, the experiments performed on field-effect-confined QDs show that good agreement between measurements and theory is achieved assuming the QD potential is parabolic [6, 7] . Indeed, any physical potential will deviate from the strictly parabolic one, especially near the edge of the potential. However, any smooth physical potential is expected to be adequately described by a simple parabolic model. This is an obvious advantage because in this case the Schrödinger equation can be solved relatively easily.
Very often QDs are situated close to the surface (see for example [8, 9] ). The fabrication and experimental studying of a single QD is a very difficult problem, and as a rule people deal with QD arrays [10, 11] . Because the QD is not a point-like object, the local-field effects have to be taken into account in order to describe the electrodynamics of such systems [12, 13] . The local-field effects without magnetic field in a single QD in a homogeneous medium were studied in [14, 15] and the influence of the surface was described in [16] . Recently, spin-dependent phenomena have been studied with respect to the development of so-called spintronics [17, 18] , which is based on the effects caused by the injection of spin polarized carriers. Owing to this, studies of nanostructures in the presence of magnetic field have become very active [19] [20] [21] . Then, in [21] the luminescence of InAs/Ga/As and InGaAs/GaAs QDs covered by 50 nm and 300 nm films was measured under a magnetic field up to 10 T. A small shift ( 100 µeV) of the luminescence peak was found at the 10 T magnetic field. The present work is to a large extent based on [22] , in which the calculation of the effective polarizability for a particle situated in a homogeneous medium with the presence of a magnetic field was made.
The purpose of this paper is to present a self-consistent formalism for the calculation of the linear response (effective polarizability) of a single QD and a dilute layer of QDs under the surface of a solid in the presence of a static homogenous magnetic field, and to make the theoretical prediction of the absorption spectra. The interface in the system leads to the appearance of an additional part of the local-field caused by the interaction between the particle and the surface. This local-field and magnetic field induce some reconstruction of energy levels of the QD system. It has been shown that interactions between the particle and the surface determine the electrodynamical properties of the system [16] . A detailed description of the local-field effect and a self-consistent formalism are given in review [12] .
Thus, the influence of the surface and external magnetic field on the energy level structure of a hidden quantum dot is the main problem of this work.
Energy level structure
Let the quantum dot be located under the surface of the solid and the external magnetic field act on the system (see, figure 1(a)). As is well known, the lowest excited state level of the conduction band of a single isotropic parabolic QD under the action of external magnetic field splits into three states. If the magnetic field is taken to be along the z direction ( B = B e z ) and the circular gauge A = B(−y/2, x/2, 0) is used, then the total Hamiltonian can be written as
where ω 0 is the parabola frequency, ω c = eB/m e is the so-called cyclotron frequency, and
Moreover, m e and e denote the effective mass and the charge of the electron, respectively. The Hamiltonian (equation (1)) can be solved easily enough by the introduction of cylindrical coordinates (x = r ⊥ cos ϕ, y = r ⊥ sin ϕ, z = r ). The wavefunctions corresponding to this Hamiltonian have the form Here a λµν is the normalization constant, β = (m e ω 0 /h) 1/2 , and β | = (m e ω ⊥ /h) 1/2 . In equation (2), H λ and L |µ| ν are Hermite and Laguerre polynomials respectively. Following [22] , this work takes into consideration only the ground state |000 and next three lowest-lying states |100 , |010 , |010 with energies relative to the ground state of E 0 =hω 0 , E − =hω ⊥ −1/2hω c , and E + =hω ⊥ + 1/2hω c . For convenience, the states were relabelled according to |0 = |000 , |+ = |010 , |− = |010 and |z = |100 . The transition current densities for the transitions from |0 to |− , |+ , |z are denoted here as j
The effective polarizability
Further calculations are to a large extent based on [22] . However, for the convenience of readers we present them here. The effective polarizability can be defined as the function connecting the induced dipole momentum p(ω) and the background field E (0) (0) in the centre of the QD:
In general the dipole momentum can be calculated as
where integration is over the volume V of the QD. The spatial current density j( R) is
The expression (6) can be written in the form
In equations (7) and (8),
is the nonlocal conductivity tensor, which at low temperature is given by
where n = {+, −, z}, and ν is the decay constant. This equation can be reduced to the form
with
When combined, equations (8) and (10) yield
where
For the calculation of the unknown numbers γ n , one needs to know the electrical field inside the particle. For this purpose the self-consistent equation of Lippmann-Shwinger is used:
Here
is a Green function (the photon propagator) consisting of two parts [12, 13] (in contrast to [22] where the Green function has only a direct part).
Here ↔
D( R, R ) is the direct part of the Green function that corresponds to the infinite space, and
is the indirect part of the Green function that describes the interactions with the surface. Because the linear dimension of the quantum dots and the distances between quantum dots and the surface are much less than the wavelength of the external field, the so-called nearfield approximation [12] can be used. The direct part of the Green function in the near-field approximation can be written as
with ↔ U being a unit dyadic, R = | R − R | and e R = R/R. The indirect part of the photon propagator in this approximation is
and R M = (x , y , −z ). In equation (17) ε means the dielectric constant of the medium in which the quantum dots are embedded. Then the Lippmann-Shwinger equation (13) can be reduced to a system of linear equations [15] 
and the unknown numbers γ n can be found. Here the near-field approximation is used:
As the result the dipole momentum can be written in the form
From equation (21) it is seen that N m n determines the shifts (the so-called Lamb shifts) and the spontaneous decay rates of the energy levels [15] . Let the dilute layer of QDs be hidden under the surface ( figure 2(b) ). We define the dilute layer as a layer in which the distance between neighbouring particles is rather long. This means that the electrodynamical properties of the particles are mainly formed by the interaction between the particle and the surface. As was shown in previous works [23] [24] [25] , for an evenly distributed layer of quantum dots, the effective polarizability of the dilute layer of QDs can be written in the form
is the effective polarizability of the single QD, n is the concentration of QDs in the layer, l is the distance to the surface, and
is the total Green function of two semi-spaces with a flat interface written in k-z representation [13] with z = z = l. The total Green function describes all contributions (near-field, middle-field, and far-field) of electrodynamical interactions. The calculation of the total Green function can be found in [26] .
It is necessary to stress once more than the physical meaning of the influence of a surface on the quantum dot energy characteristics is caused by strong inhomogeneities of the local field near the interface. The stronger the inhomogeneities the larger the energy levels shifts. In connection with this statement it is natural to expect that the decrease of the distance from a particle to the interface will increase the local field effects; in other words, the Lamb value shifts.
Numerical results and discussion
The numerical calculations were made for a GaAs quantum dot withhω 0 = 7.5 meV, ν = 0.01ω 0 and radius of 20 nm located under the surface in an AlGaAs medium. The single-particle shifts can be calculated from equation (20) . The calculation of dependences of line shifts on the distance l between the QD and a surface shows that Lamb shifts decrease when l increases. Moreover, the analytical evaluations provide the dependence on l as l −3 . This is a consequence of the near-field interaction between the QD and a surface when l is rather small. It should be pointed out that the shifts are indeed perceptible. Namely, at l = 20 nm the shifts E are: for the |0 → |− transition E ≈ 2.75 meV; for the |0 → |z transition E ≈ 2.15 meV; for the |0 → |+ transition E ≈ 1.75 meV. Increasing the distance l up to 40 nm leads to decreasing shifts. The shifts become less than 0.5 meV. Thus, the relative values of the shifts can be larger than 10% for a QD located very close to the surface. The shifts, in contrast, are less than 0.01% for the GaAs QD with the same parabolic frequency situated in a homogeneous medium [22] . Therefore it is extremely important for the proper consideration of a hidden QD and QD layers to keep in mind the possibility of the influence of the surface. The influences of magnetic field on the Lamb shifts are illustrated in figure 2. Clearly the transitions |0 → |− and |0 → |+ , i.e., those involving a change of the magnetic quantum number, are mostly influenced by the magnetic field. The character of the dependences of the shifts on the magnetic field is the same as in [22] . All the resonance conditions of the system are determined by the components of the effective polarizability tensor. For a single QD, spectral dependences can be calculated from (21) , and numerical results are illustrated in figures 3 and 4. As is seen, the resonance frequencies asymptotically approach the values E − /h, E + /h and E 0 /h (compare figure 3(a) with 3(b) and 4(a) with 4(b)). (b) ). This fact can be easily understood if we take into consideration the near-field regime in which the electrodynamical interaction is quasi-static. Then, the dependence of the single-particle Lamb shift on the distance between the QD and the surface is proportional to l −3 . It should be emphasized that a profile of the line corresponding to the transition |0 → |− at small distances l does not only shift but also split (there are three maxima in figure 3(a) ). This means that the local-field effect in surface-particle interaction is most effectively disclosed for the transition characterized by the lowest energy. Indeed, a decrease of the distance l leads to the closing together of the split peaks. Then, at l = 60 nm ( figure 3(b) ) the splitting is not observed (two maxima).
The spectral dependence of the components for a dilute layer of QDs can be calculated using equation (22) . The spectral behavior of the imaginary parts of the ↔ α array (ω, l) diagonal components (figure 5) is the most interesting because in addition to the resonance conditions they determine the absorption spectra of the layer (for absorption spectra of QDs see also [27, 28] the relative change of the absorption peak of ↔ α array (ω, l) zz is about 10%. So the lateral interactions (between the dots) mostly influence the transitions |0 → |z . This can be explained by the method of a mirror, which states that the interactions between two dipoles that are normal to surface is larger than the interaction between two dipoles parallel to the surface. The change of the components of the polarizability tensor and eventually the absorption spectra profile is almost negligible for concentrations of QDs in the layer less than 10 13 m −2 . The lateral interactions between molecules characterized by very strong polarizability, in contrast, can lead to broadening and splitting of the line, as was shown earlier [23] . It is convenient to consider the absorption spectra in terms of s-and p-polarized waves. For a p-polarized wave the intensity of absorption 
For an s-polarized wave
The absorption spectrum of a p-polarized wave has three resonance frequencies ( figure 6(a) ). The absorption spectrum of an s-polarized wave, in contrast, has only two peaks ( figure 6(b) ), due to the directions of the transition currents (3, 4) . In addition, the spectra of a p-polarized Arb. unit Figure 7 . The absorption spectra of a p-polarized wave as a function of the incidence angle θ (in deg).
wave depend on the incidence angle of the wave (figure 7). A wave with angle π/2 induces |0 → |z transitions, while a wave with angle 0 induces |0 → |− and |0 → |+ transitions. The spectrum of an s-polarized wave does not depend on the incidence angle. Then, the absorption of an s-polarized field is defined by transitions |0 → |± . But the absorption of a p-polarized field depends on all considered transitions |0 → |± and |0 → |z . As a result, a standard set of the Zeeman triplet can be seen in figure 6 (a). Finally it should be noted that the parameters of the GaAs system QD in the AlGaAs substrate used here (hω 0 = 7.5 meV, ν = 0.01ω 0 ) were chosen here only for determination. Using other parameters gives us obviously similar (at least qualitatively) results.
Summary
We applied a self-consistent approach to investigate the local-field effects in a single QD and a dilute layer of QDs hidden under the surface in the presence of a magnetic field. The single QD is assumed to have parabolic and isotropic potential. For a single QD the effective polarizability was calculated. The analysis demonstrates that only transitions involving a change of the magnetic quantum number are significantly influenced by the magnetic field. It is shown that in contrast to the case of a homogeneous medium, the shifts can be significant in the presence of the surface. The effective polarizability was calculated for the dilute layer. Numerical analysis of the influence of the lateral interactions on the absorption profile has shown that this influence is rather weak. This means that lateral interactions can be neglected at concentrations of QD layer lower than 10 13 m −2 . Then often the QD array can be treated as a single QD × concentration. However, the predicted effects for the considered concentrations are within experimental reach. It should be noted that the magnetic field could be effective for control of the energy structure of the QD systems.
